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VERSAL EMBEDDINGS OF COMPACT, 
REGULAR 3-PSEUDOCONCAVE CR SUBMANIFOLDS 



PETER L. POLYAKOV 



Abstract. We prove that for an induced CR structure on a compact, generic, regular 3-pseudoconcave 
CR sub-manifold M C G, of a complex manifold G, satisfying condition dimH 1 (M, T'(G)| m ) = 
all the close CR structures are induced by close embeddings. 



1. Introduction. 

Let M be a generic CR submanifold in a complex manifold G, i.e. such a submanifold, 
that for any z G M there exist a neighborhood U 3 z in G and smooth real valued functions 
{pk}T (1 < m < n — 1) on U such that 

MHU = {z € G(1U : pi{z) =■■■= p m (z) = 0}, 

(1) 

dpi A • • • A dp m / onMflW. 
The induced CR structure M is defined by the subbundles 

r"(M) = r"(G)| M ncr(M) and r'(M) = r'(G)| M ncr(M), 

where CT(M) is the complexified tangent bundle of M and the subbundles T"(G) and T'(G) = 
T"(G) of the complexified tangent bundle CT(G) define a complex structure on G. 

If we fix a Hermitian scalar product on G then there exists a subbundle N G CT(M) of 
complex dimension m such that 

CT(M) = T'(M) T"(M) N with T'(M) _L N and T"(M) _L N. 

The Levi form of M is defined (cf. |He2j 1) as a Hermitian form on T'(M) with values in N 

C z (L{z)) = a/=T-7t([l,l]) (z) {L(z)eT'(M) z ), 

where L,L =LL-LL and vr is the projection of CT(M) along T"(M) T"(M) onto N. 

The Levi form of M at the point zGMin the direction of the unit vector 9 = (9±, . . . 9 m ) G 
ReN 2 is a scalar Hermitian form on T"(M) 2 

C d z (L(z)) = (9,C z (L)) z , 

where (•, -) z is a Hermitian scalar product. 



Following [ He2 | we call M q-pseudoconcave (weakly q-pseudoconcave) at z G M in the 
direction 9 if the Levi form of M at z in this direction has at least q negative (q nonpositive) 
eigenvalues and we call M q-pseudoconcave (weakly q-pseudoconcave) at z G M if it is q- 
pseudoconcave (weakly q-pseudoconcave) in all directions. 

We call a q-pseudoconcave CR manifold M a regular q-pseudoconcave CR manifold [P2| if for 



any z G M there exist an open neighborhood U 3 z in M and a family E q (6, z) of g-dimensional 
complex linear subspaces in T% (M) smoothly depending on (9, z) G S"^ 1 x U and such that 
the Levi form (9, L 2 (M)) is strictly negative on E q (9,z). 

In this paper we consider small deformations of the induced CR structure on a compact, 
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generic, regular 3-pseudoconcave submanifold M G G of codimension m. We fix an embedding 
£q : M — > Mo C G of a compact C p manifold M into a complex manifold G such that 
Mo = £o(M) is a generic, regular 3-pseudoconcave CR submanifold of G. Let {U 1 }^ be a 
finite cover of some neighborhood of Mo in G such that in each IA % the manifold Mo H U l has 
the form (1) with defining functions {o„-°, '\ . If £ is an embedding of M into G close to £n 

v ' I l ' 1 ) l<l<m 

with M = £ (M) then the map T = £ o £~ l : M -» M may be defined in some small enough 
neighborhood U l = M (lW as F(z) = z + /«(*), with ft G [C^tf*)]". If |/| p = maxi{|/i| p } is 
small enough then £/ = : M — > Mo is also well defined and has the form £/(z) = z + <7i(.z) 
m some neig hborhood V i CJ^iW) with gi G [C p (V*)]". We denote 

|£| p = max : \ p } . 

l<i<N 

For a compact C p submanifold M C G and a holomorphic vector bundle B on G we say that 
dimtf r (M,5| M ) = for r G Z+ if for any <9 M -closed form / G C^ r) (m,B| m ), (1 < Jfe < p), 

there exists a form /i G C* r _-g ^M,i3| M ^ such that <9m^- = /• 

In the theorem below we formulate the main result of the paper - versality of the family of CR 
structures induced by close embeddings for a fixed compact, generic, regular 3-pseudoconcave 
submanifold M G G, satisfying condition dimH 1 (M, T'(G)| M ) = 0. 

Theorem 1. Let k G Z be such that k > 17 and Zei £ : M — ► G 6e a C 2k+5 -embedding 
of a compact manifold M into a complex manifold G such that M = £ (M) is a generic, 
regular 3-pseudoconcave CR manifold with dimH 1 (M, T'(G)| M ) = 0. Then any small C 2k+5 - 
deformation of the induced CR structure M on M may be obtained as an induced CR structure 
from a C k '-embedding T : M — > G, c/ose to £ . 

The problem of embeddability for deformed CR structures on an embedded, compact, strictly 
pseudoconvex hypersurface was first considered by L. Boutet de Monvel in [jB], where the 
preservation of local embeddability for such CR structures was proved. We refer to the article 



by C. Epstein and G. Henkin [EH] for the latest results and further references on preservation 
of embeddability for deformed CR structures on pseudoconvex hypersurfaces. 

Version of Theorem [l] for CR submanifolds of codimension 1 (real hypersurfaces) is a corollary 



of a theorem proved by R.S. Hamilton [ Ha2| ] provided that an additional assumption is satisfied: 



a deformation of the original CR structure is defined as a restriction of a deformation of a 
complex structure on some complex manifold X of which M is the boundary. 



This property was proved by G.K. Kiremidjian [Ki] for a manifold X, satisfying cohomological 
condition H 2 (X, T'(X)) = and for deformations of a CR structure on a 2-pseudoconcave 
hypersurface M, that preserve the underlying contact structure. Here, however, we do not use 



the extension property and work on M using constructions from [Ku], [Ki] and | Ha2 |. 



In Ha2 ] Hamilton applied estimates of Kohn and Nirenberg from [KN] and a special version of 
the Nash-Moser implicit function theorem for elliptic nonlinear complexes. Our approach to the 
proof of Theorem [l] basically follows S. Webster's scheme from | W2 |. It consists of application 



of C -estimates for solutions of (?M-equation from | P4 | and Zehnder's version (in Hamilton's 



terminology [Hal]) of the Nash-Moser implicit function theorem. Necessary modifications are 



twofold. Firstly we use the language of differential forms (introduced by M. Kuranishi in 



instead of the language of vector fields as in | W2 |. Secondly, the Webster's scheme is 
significantly simplified in our case because of the absence of "boundary terms" in the global 
homotopy formula. 

The Nash-Moser iteration process is based on solvability with estimates of the linearized 
problem. In this paper we prove a global homotopy formula with tame C fc -estimates (cf. [ palf ) 
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for operator 8m on a family of compact submanifolds M, sufficiently close to a fixed submanifold 
Mo- In the theorem below we formulate this solvability result. 

Theorem 2. Let Mo C G be a compact, generic, regular 3-pseudoconcave C p submanifold 
and let C be a holomorphic vector bundle on G. Let the condition dim if 1 LMo,£| M( J = be 
satisfied. Then for any s,k G Z such that k > 3, s < k, k + s < p — 5 there exists 5 > such 
that for any C p embedding 

^:M->McG 
with \£\k < 5 there exist linear bounded operators 



Pm : Cj£5 (M,£| M ) -> CjjJ (M,£| M ) 



such that for any differential form h G C^ ^ ^M, £| M ) equality: 

^ = 9mPmW + Qm(M> (2) 

cmci estimates 

|Pm(MI* , IQmWI* < c(*0 (i + l/4+ 5 ) p{fc) 1%+s, (3) 
|PmWU +s , IQmWU +s < c(fe) (i + |/>U +5 ) p(fc) [(i + Mm-hO l% +3 + \h\ k+ s+3] , 

hold, where \p\ s = maxi<j<jv,i<Km {|ft,i|s}j are defining functions of M, and P(k) is a 
polynomial in k. 



Analogous estimates were proved by S.Webster in [ Wl | for an integral formula on a special 



small neighborhood of a point on a strictly pseudoconvex hypersurface. Similar estimates were 



used by D.Catlin in [Ca] in his proof of extendability and local embeddability of CR structures. 
Our proof of existence of a tame homotopy formula basically consists of two parts: "local" 
and "global". We use local estimates from and complement them with consideration of 



"adjusted pairs" of neighborhoods, with motivation coming from the proof of local solvability 



of ^M-equation in [AiHj. The global part relies on a "soft analysis" of the deformation of (9m- 
complex and is based on the uniqueness theorem of S.Baouendi and F.Treves [ [BTj] (cf. also 
[AiH]) for extensions of CR- functions from generic CR submanifolds. 
Author thanks G. Henkin for helpful discussions. 



2. Local solvability of <9m-equation with estimates. 

We start with the discussion of local solvability of the 8m - equation on pseudoconcave CR 
manifolds. Before constructing local solution formulas we introduce necessary notations and 
definitions. 

For a vector- valued C -function r\ = (771, ... , r/ n ) we will use the notation: 

n 

w'(t/) = ^(-l) fc ~V A j¥fc drjj, u(rj) = A? =1 c%. 

k=l 

If 7] = rj(£, z, t) is a C7 1 -function of £ G C n , z G C n and of a real parameter t G M. 1 , satisfying 
the condition 

n 

J2vk((,z,t)-((k-Zk) = l (4) 

k=l 

then 

du'(rj) Aw(C) A u)(z) = 
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or, separating differentials, 

d t uj'{r,) + d C Lo'(rj) + d z J{ji) = 0. (5) 
Also, if rj((, z, t) satisfies (4) then the differential form 0/(77) Aw(C) Aw(z) can be represented 

as: 

n-l 

^^(77) A o,(C) A (6) 

where o^(f?) is a differential form of the order r in dz and respectively of the order n — r — 1 in 
c?C and dt. From (5) and (6) follow equalities: 

d t u' r (v)+d c uj' r (v) + O z u' r _ 1 (v)=0 (r = l,...,n), (7) 

and 

r n— r— 1 

^rfa) = 7 1 iM , Det h> ^77, ^77 1, ( 8 ) 

(n — r — l)!r! L J 
where the determinant is calculated by the usual rules but with external products of elements 
and the position of the element in the external product is defined by the number of its column. 
Let U be an open neighborhood in G and U = U n M. We call a vector function 

P((, z) = (P 1 (C, *),... , P n(C, z)) for (C, z)€(U\U)xU 
by strong M-barrier for U if there exists C > such that the inequality: 

|$(C^)|>c(p(C) + |C-^l 2 ) (9) 

holds for (0 z) G (U \ U) x [/", where 

$(C, z) = <P(C, C - z) = jr Pi(C, z) ■ (Q - zi). 

1=1 

If U is small enough, then as in (1) we may assume that U = U PI M is a set of common 
zeros of smooth functions {p^, k = 1, . . . , m}. Then, using the q-concavity of M and applying 
Kohn's lemma to the set of functions {pu} we can construct a new set of functions pi, . . . ,p m 
of the form: 

Pk{z) = Pk {z)+A - (flPi( z )j > 

with large enough constant A > and such that for any z G M there exist an open neigh- 
borhood U 3 z and a family E q+m (9,z) oi q + m dimensional complex linear subspaces in 
C ra smoothly depending on (0,z) G S m_1 x J7 and such that —C z pg is strictly negative on 
E g+m (9, z) with all negative eigenvalues not exceeding some c < 0. 

To simplify notations we will assume that the functions pi,...,p m already satisfy this con- 
dition. 

Let E^_ q _ m (9,z) be the family of n — q — m dimensional subspaces in T(G) orthogonal to 
E g+m (9, z) and let 

aj(9,z) = (a jl (9,z) 1 ...,a jn (9,z)) for j = 1, . . . ,n - q - m 

be a set of C 2 -smooth vector functions representing an orthonormal basis in E^_ q _ m (9, z). 
Defining for (9, z, w) G S" 1 " 1 xU xC n 

n 

Aj(9, z,w) = ^2 a ii(. e i z ) " w ii U = !' • • • > n - 1 - m ) 



with 
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we construct the form 

n—q—m 

A{9,z,w)= Aj(6,z,w) • Aj(9,z,w) 

3=1 

such that the Hermitian form 

£zpe{w) + A(9,z,w) 

is strictly positive definite in w for (9, z) £ S m_1 x U. 
Then we define for z & (U \U) x U: 

F( k X(,z) = {Q( k X(,z),(-z), 

(10) 

Pi(C, z) = E5T=i 0*(C) • Q? } (C, z) + E]zr m ajMO,*) ■ ^#(CU C - *), 
*(C *) = <^(C, *), C-z) = ElU e k (0 ■ f«(c, z) + .4(0(0, C - z) 

To prove that Pi((, z) is a strong M-barrier for some U 3 z we consider the Taylor expansion 
of pk for k = 1, . . . , m : 

p fe (C) = p fe (z) - 2ReFW(C, z) + £.p fe (C - z) + 0(\( - z\ 3 ). 
Then we obtain for some U and (C, z) €. (U \(U (1 M)) x (U n M): 

m n—q—m 

Re<f>((,z) = Y20k(()-ReF^((, Z )+ £ ^-(0(0, C,*) ■ ^ (0(C), C,*) (H) 
fc=i j=i 

= p(C) + C zPe (C -z)+ A(9(Q, z,C-z) + o(\c - z\ 3 ), 

which implies the existence of an open neighborhood U 3 z in C n , satisfying (9). 
In what follows we will use notations 

Aj(C, z) := Aj{e{Q,z, ( - z) and A((, z) := A(9(Q, z,(-z). 

In the lemma below we prove the existence of specially embedded convex neighborhoods in 

G. 

Lemma 2.1. Let M be a generic, regular q-pseudoconcave CR-submanifold of the class C p in 
U with U being a ball in a Riemannian metric on G centered at zq £ M. Then there exist a 
smaller ball V C U centered at z and c > such that the barrier function <&(£, z), defined in 
(10), satisfies 

inf Re$(C,z)>c. (12) 
(Mnbu)xv 

Proof. Using (10) we obtain 

Red>(C,z) = £ (-^y) -ReF( k )(C,z)+^(C),z,C-z) 

= P(C) - E Pk(z) (~^§) + £*Pe(C ~z)+ A(9(Q, z,C-z) + 0(\C - z\ 3 ). 



k=l 
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Using then strict positivity of the form C z po(w) + A(9, z, w) we obtain that for |£ — z\ small 
enough there exists a constant C > such that for ( G M n W 

Re$(C,z) > C|C-z| 2 -p(z). 
Therefore, for z, satisfying p(z) < \C inf^gMnbW |C — ^l 2 we nave 

Re$(C,z)>-C inf |C - z| 2 . 
vs ' ; ~ 2 ceMnbW ls 1 

Selecting a sufficiently small ball, centered at zq we obtain the statement of the lemma. EH 



For an open neighborhood WcGwe define the tubular neighborhood U{e) of M in as 

U(e) = {zeU: p(z) < e}, 

where p(z) = {Yl=i pl( z )Y ■ We define u i € ) as 

U(e) ={zeU: p{z) = e}. 
We also introduce a local extension operator of functions and forms from U = U n M to U 

E:g^E{g). 

Assuming that locally manifold M in U with coordinates Zj = Xj + it/j,j = 1, ... , n is defined 

as 

U n M = {z £ U : pj(z) = xj - hj(yi, . . .,y m ,z m+1 , . . . ,z n ) = 0, j = 1, . . . ,m} , (13) 
we define for a function g(yi, . . . y m , z m+ \, . . . , z n ) on U 

E(g)(zi,. ..,Zn)= g(yi, . . .,y m ,z m +i, ■ ■ -,z n ), 
extending a function identically with respect to x±, . . . , x m . For a differential form 

9 = XI 9l,J,Kdyi A dzj A dzjr 

with multiindices I C (1, . . . , m), J, K C (m + 1, . . . , n) we define extension operator by extend- 
ing coefficients as in the formula above. 

We start the construction of a local solution operator for 9m with the construction of a 
Cauchy-Fantappie formula for special concave/convex neighborhoods. Let {Uj}[, j £ J = 
(1, . . . , I) be a collection of balls in some open neighborhood WcG, defined as 

W 3 ={CeG:r i (0<0} ) 

where Tj are convex C°°-functions. We denote also 

Uj = n l j=1 u, + 0, 

Uj(e) = {( G Uj : p(Q < e}. 
We assume the following nondegeneracy condition for functions {pj}™, {Tj}^ 
rank{gradpi(C), . . . ,gradp m (C),gradr 7l (C), . . . , gradr ifc (C)} = m + k 

for 

C€Z^)n{r jl (C) = --- = r jt (C) = 0}. 
Then the boundary of U(e) is stratified into C p -smooth pieces 

U°(e) = {(eU: p(C) = e, 73(C) < for j = 1, . . . , J}, 

Uj(e) = {teU: p(Q < e, Ti (Q = for i G / C J, 7i(C) < for i £* /}, 
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and 

t/?(e) = {C G W : p(C) = e, 7j(C) = for i G / C J, 7j(C) < for » $ I}. 
We introduce barriers for functions Tf 

^\c,z) = E^ccxc* - «*) = E - ft), 

such that Re$^(C, z) > for z G and C G 6W, = {C : Tj-(C) = 0}. 

In the proposition below we describe a general Cauchy-Fantappie formula for domains with 
piecewise concave/convex boundaries. We do not provide the proof of this proposition since it 
is completely analogous to the proof of the Cauchy-Fantappie formula in a piecewise strictly 



pseudoconvex case (cf . |P1|| and |RS| ) with the only difference that some of the barrier functions 



are concave and some are convex. 

Proposition 2.2. Let M C G be a generic, regular q-pseudoconcave CR manifold of the class 
C p with p > 3 andlAj - a neighborhood as in (14) with analytic coordinates z\, . . . , z n . Then for 
e > small enough and an arbitrary differential form g G C(or) (^( e )) ^ e following equality 
holds for r = 1, n — m and z G Uj = Uj FlM 

g(z) = Bj r (e)(g)(z) + J r+1 (e)(dg)(z) + N r (e)(g)(z), (15) 

where 

J r (e)(g)(z) = T r (e)(g)(z) + R r (e)(g)(z), (16) 

N r (e)(g)(z) = S r (e)(g)(z) + H r (e)(g)(z), (17) 



+Mrfe£ E / .^(OA^fa-E^r^+E^^MV^c), 



(2vu) n 7[/o( £ ) X [o,i] V IC-^I $ (C,^)/ 

(n-1)! ^ /• _ . /. , „ . C-« 



P((,z) ^ P«(£z)\ 



*,MWM " (-1)'^ t (<) 5«) A 4 (III) A »(0 



+< - 1) w 1 <L4»,^ K) ^ ; ( (1 - i:t ' ) i^ + S ( ' 



i<|/|<; 

and 



P {i) ((,z) 



Aw((), 



A? +1 = {(*o,iii,- • .,*»,) G K s+1 : + E^fc - X } ' 
A? = {(t n ,...,t i jGM s :E^.<l}> 
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Ar 1 = {fe 5 --- ) ^)e^ S :E^ = 1 }' 



for I = (ix, ■ ■ .,i s ). 



For r = the corresponding formula becomes 

g(z) = Jx{e)(dg){z) + N (e)(g) (z), 
with Ji(e) and No(e) as above. 



(18) 
□ 



A local almost homotopy formula from the proposition below will be used in the construction 
of necessary solution operators. 

Proposition 2.3. Let M C G be a generic, regular q-pseudoconcave CR submanifold of the 
class C p with p > 3. Let Uj be an open neighborhood as in (14) with analytic coordinates 
Zx , ■ ■ ■ , Zn an d V a relatively compact subset of Uj = MnWj. 

Then for r = 1, q — 1, k < p, and any differential form g £ Ch r )(M) the equality 

9(z) = dMR r M (g)(z) + R^(dMg)(z) + H^(g)(z), 
holds for z 6 V, where 



(19) 



U°(e)x[0,l] \ \(-Z 



2 ' 



Aw(C) 



1<|/|<|J| ' V ieJ I <> z I 

+ ^¥(^) + g^¥«(^)J A ^ ) 



^)W = (-ir^^-^ M olim 



£/°(e) \$(C,z) 



+ E t (i)xA ,^)(0A4((i-E'.)||| + E' 



l *«(C,*) 



Aw(C) 



E(g) is an extension of g to U j, and pr M denotes the operator of projection to the space of 
tangential differential forms on M. 

For r = the corresponding formula becomes 

g(z)=Rl A (dMg)(z)+H^(g)(z), 



(20) 



with R^ and as above. 



Proof. We obtain formula (19) as a limit of the formula (15) and formula (20) as a limit of 
(18) when e — > 0. In order to make such a conclusion it suffices to prove that 



(21) 



lim e ^ T r (e)(g)(z) =0, 
lim e ^ S r (e)(g)(z) = 0, 
for z £ V . 

To prove the first equality of (21) for the first integral in the definition of T r {e) we use the 



lemma below, which is a part of Proposition 4 from [P3|. 
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Lemma 2.4. Let f G L* r \(U) with s G [1, oo]. Then for a relatively compact subset V C U 

(22) 



T r {e)(f) \\ Ltor){v) =0{e-loge)- || / h^u) ■ 



□ 



To prove that the sum of integrals over Ui(e) x Af in the definition of T r (e) also tends to 
zero as e — > we notice that the kernels of those integrals are uniformly bounded for z £ V and 
C G Uj(e), dimUj(e) = 2n — s, and 

mes 2n _ s U I (e)=0(e m )- 

The same argument, applied to the sum of integrals in the definition of S r (e), proves the 
second equality in (21). EH 



In the next proposition we prove a local solvability result for c?M-closed forms. 



Proposition 2.5. Let M be a generic, regular q-pseudoconcave submanifold of the class C p in 
G, J = (1, . . . , I), {Uj}\ - a collection of balls in G, centered respectively at the points zj G M 
and let {Wj C Vj}\ and {Vj C Uj}\ be the balls, satisfying (12) for any j. LetUj = n l j =1 Uj, 

Uj = m n Uj, Vj = n l j=1 Vj, Vj = m n Vj, w.j = n l j=1 Wj, and Wj = Mn w, 7 . 

If Wj ®j then for 1 < r < q, s < k, and k + s < p — 3 there exists an operator 



pr 



such that 



and equality 



\PUh)\ k <C(k)(l + \p\ k+3 fM\h\ k , 
\Pk(h)\ k+s <C(k)(l + \p\ k+3 f^ [(1+1,1 

fe+s+3) \h\k + |^|fe+s] 

h(z) =d M P{ A (h)(z) 



holds for any z G Wj and any h G C^ Q a (U j) satisfying 9m/i = 0. 



We list below several lemmas, that will be used in the proof of Proposition 2.5 



The following lemma is basically a copy of Lemma 3.8 from P4j. 
Lemma 2.6. Let r < q. Then 



(23) 



(24) 
□ 



The lemma below is based on Lemma 4.1.1 and Theorem 4.2 from [ AiH |. 



Lemma 2.7. Let and {Vj C Uj\\ be the same as in Proposition 2.1 . Then for any 

dM-closed form h G C, r ^ (Uj) with 3 < k and < r < q the fi 



orm 



lim n £ L ^)(C)AW 



■*W(C,*) 



Aw(C) 



is defined and d-closed on Vj = H l j =1 Vj. 
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Proof. We consider the differential form 



a( C , z) = E(h)(0 A J r ((1 - E f,-)£||} + £ t 3 ^± ] A .(C) 



for z G Uj and ((, t) G C, where C is the chain 

C= (J C/= (J (V 7 °(e) x A?) . 



JCJ JCJ 

l<m<l.7l l<m<IJI 



Using formulas 



b (Ci x C 2 ) = (Ci x 6C 2 ) U (-l) dim C 2 ( 6Cl x C2 ) j 
bU?(e) = \J HI U° IlJk) (e), 

6Af=(u| =1 (-l) fe A- 1 ) )uAr 1 , 

where /(A;) = (ii, . . . , ik, . . . , i s ), we obtain the following formula for the boundary of each 
component Cj = Uf(e) x Af of C 

bCj = (-I)* [(u HI U? Iuk) (ej) x Af] |J [uf =1 (-l) fc (^(e) x A^) U (c/ 7 °(e) x A^^ . 

Using then the formula above we obtain 

bC = U jeJ (Uf(e) x [1]) IJ(-l) U jeJ ([/°(e) x [0]) (J (V°(e) x A?" 1 ) . 

ICJ 

Applying d z to the integral in the Lemma for z G Vj, using equality (7) and the Stokes' 
formula we obtain 



1<!<I 



(25) 



- / c *(*)«) a <W (d - E'<)||f + g-^) MO 

P<')(C.2) N 



-/ B ^)(OA4 + .(d-E'.)^+g* 

-e4, mo] ^)«)a4 +1 (|||)a.(c) 

+ £ W' B(fc)( ° A ^S3) 



2<|/|<|J| 



16/ 
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E 

ICJ 
Kill 



C/°(e) xAf 



B c E(h)(C)Au' r 



+1 



iei 



d>«(C,z) 



Aw(C). 



Kernels in the first and third sums of integrals in the right hand side of (25) are zeros, since 
the barriers are holomorphic in z. Therefore these sums are equal to zero. 
For the fourth sum we use estimates 

Uf(e) = 0(e m ~ 1 ), 



mes 2 n-s-i 



Aw(C) 



C(e- m+i ), 



and 



d c E{h)\ 



O(e) 



for h € C(or) (^j) sucri that A; > 3 and c\jih\ TJ = 0, and obtain that this sum tends to zero as 



0. 



For the second sum in the right hand side of (25) in the case r < q— 1 we can apply Lemma 
and obtain that this sum is zero. The case r = q — 1 is more delicate, and we use lemma below, 
which is a specialization of Lemma 4.1.1 from [AiH] to domain Uj. 

Lemma 2.8. Let M, {Uj}[ and {Vj}[ be as in Proposition |g. 3 . 

Then for any &M-closed form h 6 CjL ^ (U) with k > 3 and z € Vj we have 



hmW E(h)(C) 



Awl 



*(C,*) 



Aw(C) = 0. 



□ 



Summarizing all the estimates for the terms of the right hand side of (25) we obtain the 



statement of Lemma 2.7. 



□ 



point. From this formula and Lemma 2.6 it follows that for h £ ^ (C/j) satisfying <9m^ = 



Proof of Proposition 2.5. We construct operators taking formula (19) as a starting 
)int. From this formul 
we have for any z £ Vj 

with 

_ r . ( _ PiY ^ _ P(i)(f *\\ 

Au(C) (26) 



h(z) =B M R r M(h)(z)+g(z), 
P(C,z) 



<?(z) = lim Yl L ^)(C)a4((1-E* 

defined on Vj and satisfying equation dg = 0. 

To obtain necessary estimates for operator RJ^ we use the following lemma, which is a 
combination of Propositions 3.1 and 3.8 from [P4|. 

Lemma 2.9. Let M be a generic, regular q-pseudoconcave CR submanifold of the class C p in 
U. Let s, k G Z be such that s < k and k + s < p — 3. 

T/ien PJ M defined in (19) satisfies the following estimates 

\Bk(h)\ k <C(k) (l + \pM PW \h\ h , 

(27) 



\Rm(h)\ k+s < C(k) (1 + | P U +3 ) P(fc) [\h\ k+s + (1 + |p| fe+s+3 ) H 
with P{k) a polynomial in k and a constant C(k) independent of g. 



□ 
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To estimate the norm of g we notice that the kernels of integrals in the definition of g are 
nonsingular and uniformly bounded with derivatives of order p — 2 for z G Vj and £ G Uj(e) 
for all e > 0. Straightforward differentiation of the formula (26) with respect to z shows that 

\9\ Vj ,k+s ^ °W 0- + \Plk+2) m (1 + \p\k+s+2) \h\ujfl. (28) 
Using then formula for solution of the equation 

du = g 

on the piecewise strictly pseudoconvex domain Vj, analogous to formula (15) (cf. [|Pl]],[ |RS| [). 
we can represent solution u as 

u = uv + u bV , (29) 

where uy is a Martinelli-Bochner type integral over Vj and u^v is a sum of integrals over 
the boundary bVj with nonsingular kernels for z G W and £ G 6Vj. In this formula for the 
piecewise strictly pseudoconvex domain Vj part N r (e) will be absent, since the kernels will be 
holomorphic with respect to z and part J r+ \(e)(dg) will be absent since dg = 0. 
We estimate two parts of (29) separately. For u^y we have an estimate 

\ u bv\ Wj , k+s < C{k) H v . 



For the Martinelli-Bochner integral using for example estimates from [Siu we obtain 

< C(k) | 

9\Vj,k+s ■ 

Defining then 

and combining the last two estimates with estimates (27) we obtain estimates (23). EH 

In the proposition below we prove local extension with estimates for CR functions on a 
q-pseudo concave CR submanifold. 

Proposition 2.10. Let M be a generic, regular q-pseudoconcave submanifold of the class C p in 
G, J = (1, . . . , I), {Uj}[ - a collection of balls in G, centered respectively at the points zj E M 
and let {Vj C Uj}[ be the balls, satisfying (12) in each Uj. Let Uj = n l j =l Uj, Uj = M HUj, 

Vj = r\ l j=1 V jt andVj = M n Vj. 

Then there exists an extension operator 

: O m (Uj) -> O (Vj) 
acting on CR functions on Uj and satisfying 

P M(h)\ k+s < C(k) (1 + \p\ k+2 ) P{k) (1 + |p| fc+s+2 ) Ho 
for any CR function h G Om (Uj). 

Proof. We apply formula (20) to a CR function h and obtain for z £ Vj 



h(z) = H° M (h)(z) = (-l) A -^—^r ■ P r M o lim 

(ZTTl) n e->0 



U°(e) 



m{ ° Auj '°(w^j) Aw(c) (31) 



Using Lemma 2.£ we conclude that the first term of the formula above is equal to zero, and 
therefore, since kernels in the second term are nonsingular for £ G Uj(e) and z G Vj, function 
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H^(h) is defined on Vj. Application of Lemma [2.7| shows that function H^ i/l (h) is holomorphic. 
Straightforward differentiation of the formula (31) with respect to z as in (28) shows that 



4(A) 



Vj,k+s 



<C(k)(l + \p\ k+2 f^(l + \p\ k+s+2 )\h\ Uj , . 



Defining then P^[h) = H^(h) we obtain the statement of the Proposition. 



□ 



3. From local to global estimates. 

In this section we globalize estimates from the section ||. The following proposition (Propo- 
sition 4.5 from |P4| ]) provides a global formula on Mq that may be considered as an analogue 
of the Hodge-Kohn decomposition on Mo- 

Proposition 3.1. Let Mo C G be a compact, generic, regular q-pseudoconcave submanifold of 
the class C p and let C be a holomorphic vector bundle on G. Then for an arbitrary r < q and 
k < p — 4 there exist a finite- dimensional operator 



K M : C (0,r) ( M 0>£| M() ) C (0,r) ( M 0,£| 



Mo 



and operators <5m an< ^ Qwl suc ^ that for i = r, r + 1 the estimates 

QM (h)\ k ^<C(k)\h\ k , (32) 

and equality 

h = B Mo Q r M (h) + (dM h) + K r Mo (h) (33) 

hold for any h E C ( fc r) (m , £| m J . 

If for h G C^or) (m.q, C\ M ^j there exists g G Cjp r _i) (m.q, C\ M ^ such that t\i Q g = h, then 
K r Mo (h) = 0. □ 



We will reformulate the statement of Proposition [3.1| in terms of the Cech complex on Mo- 
Let us consider the Cech complex for a bundle C and a covering {U} of Mo : 

r(M o ,0M o ) 4 C°({U},O M0 ) A C l {{U},O mo ) S C 2 ({U},O M0 ) A 



where r(Mo,0M o ) is the space of CR sections of C over Mo, O [Ui, £|m J * s ^ e s P ace °f 
bounded CR sections of £| M over Ui, 

C j ({U},O M0 ) = ®\i\= j +iO(u I ,C 



\i\=j+iv \yi, J~\m 

is the space of CR j-cochains in the covering {U = Mo n U}? of Mo with Uj = Ui Pi • • • fl 
for I = (io , . . . , ij ) and the map g is defined as 

e(f)i -i j+ i = h ...t k ...i j+1 - 

k=0 

We call two coverings {Vi C Ui}? of some neighborhood of Mo adjusted if condition (12) is 
satisfied for every pair Vi CUi. 



In the next lemma we specialize the statement of Proposition 3.1 for 3-concave CR manifolds 
in terms of the Cech complex on Mq. 
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Lemma 3.2. Let Mo C G be a compact, generic, regular 3-pseudoconcave submanifold of the 
class C p with p > 5 and £ be a holomorphic vector bundle on G. Let {Vi C Ui}^ be adjusted 
coverings of some neighborhood of Mo . Let 

B 2 {{U}, O M0 ) = {a G C 2 ({£/}, O M0 ) : 3/3 G C 1 ({U}, Mq ) such that q{(3) = a) 

be the linear subspace of 2-coboundaries. 
Then there exists an operator 

QIa --B 2 {{U},O ma )^C l ({V},O mo ) 

such that the estimate 

Qm («) 

and equality 

a\ {v} = Q°Q.M (a) 

hold for any a G B 2 ({17}, Mo (C)). 

Proof. Let {4>i} be a partition of unity, subordinate to the covering {Vi} and therefore to 
{Ui}. For a covering {Ui} we consider the double complex on Mo 

r(Mo,0 Mo ) 
I 

r(M ,o(°' )) 

r(Mo,n (0>1) ) 
r(M ,o(°' 2 )) 



where 

is the space of 

v ({U},n^) = e lIH+1 c^ (u It c\ M ) 

is the space of j-cochains in the covering {Ui}± . 
We consider also operators 

x-.c k ({ET} J n(w))_c*- 1 ({U},n(°' j) ), 

defined by the formula 

i£i 

and satisfying 

go X (a) = a 



< C 



a 



{U} 



(34) 



8 


C°({U},O M0 ) 4 


C 1 ({17}, o Mo ) 




C 2 ({t/},OMo) 






i 


i 




1 




e 


C° ({£/}, ft (0 ' 0) ) 4 


c 1 ({[/}, n(°'°y 


) * 


c 2 ({u},n(°> >) 






i ^0 










Q 


c°({i/},n (0,1) ) S 




) * 


C 2 ({[/}, o^ 1 )) 


_^ 




i ^M 










e 


c°({u},n(°v) S 




) * 


C 2 ({£/}, ^ (0 ' 2) ) 




















= CJS) (M, £ 


m) 







(35) 



forms of type (0, k) on M with values in £| M , and 
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for a such that g(a) = 0. 

To an a G B 2 ({U},Om ) we apply the south-west diagram search SW, consisting of ap- 
plications of vertical operators and operators \- Namely, we consider the 0-cochain of dif- 
ferential forms <9m (x ((hd x( a ))) > which is represented by a differential form h = SW(a) G 
C^Q2) (m.o, C\ M ^j such that <5m /i = and \h\ p -i < C\a\{uy 

Since a satisfies a = g((3) with some [5 G C 1 ({[/},Om ), the south-west diagram search 
produces the form h such that h = c\ji Q g with 

9 = X {&M x{a)) + &M X {P ~ X{a)) € CfoTr-i) ( M °> £ Im , 
Therefore, applying Proposition EOT we obtain representation 

h = ^MoQmoW 
with the form Q5yi (/*■), satisfying estimate 

QLoW| p _ 5 <c|«l {C / } - 

We consider then the 0-cochain of <9M - C l ose d (0, 1) forms 

(QMo( h )) -x(d Mo x{a)) 



and using Proposition 2J5 construct a 0-cochain of sections 

{/< = ^M (n(4lio(h)) - x(5 Mo x(«)))} e c° ({n^ (0 ' 0) 

satisfying estimate 

l/ilvi,p-5 < C| a l{c/} ' 

and such that 

dM h=[g(QM (h)) -x(dM x(a))] y - 

Then 1-cochain Q 2 (a) = g{fi} + x( a ) satisfies equalities 

5 Mo Q 2 (a) = 0, 

£>(Q 2 (a)) = a\ {vy 

and estimate (34) and, therefore, defines the sought 1-cochain. EH 



In the next proposition we prove the solvability of $m equation with tame estimates on man- 
ifolds M close to the fixed manifold Mo- 

Proposition 3.3. Let Mo C G be a compact, generic, regular 3-pseudoconcave C p submanifold 
and {Lk}i - a finite covering of some neighborhood o/Mo in G. Let 

Bf 0>r) (M,£| M ) = {h€ Cf 0>r) (M,£| M ) : 3g G Cf , r -i) (m,£| m ) such that h = Bmq} 



be a linear subspace in C^ r ) (M, C\ 



Ml ■ 



Then for r = 1,2, k > s > 3, and k + s < p — 4 i/iere exists 5 > suc/t t/iai /or any 
submanifold 

£ : M -> M C G 



u>ii/i defining functions {ft,/}™ w {^i}^ an <^ |£|fc < £ i/iere exist linear operators 

Rm : Bfo,r) ( M ^Im) - C (t-D ( M ' £ Im) 
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satisfying estimates 

\Km(h)\ k < C(k) (1 + \p\ k+4 ) P{k) \h\ k+1 , (36) 
\RUh)\ k+s <C(k)(l + \p\ k+4 fW + 

fe + S+4) + l + |^-|fe + S + l] 7 

and such that 

h = 9mRmW- (37) 

Proof. We describe the proof of the Proposition only for r = 2, since the proof for r = 1 is 
basically the same. 

We consider adjusted coverings {z4 6) C---CZ4 1} =^}f of some neighborhood Q of Mp in 



G. If > 3, from the definition of adjusted coverings and from the constructions of Lemma 2.1 



we conclude that there exists 5 > such that selected coverings will be adjusted for manifolds 
M with \£\ k < 5. We consider double complexes analogous to (35) corresponding to those 
coverings with operators <9m and g, and fix a partition of unity subordinate to {U^} and 
operators \ defined by this partition of unity. 

To an arbitrary h G -B( fc 2 ) (m>^Im) sucn * na * ^ = ^MS' we apply, using Propositions 2J5 
and 2.10, the north-east diagram search MS, consisting of the sequence of maps g and P M for 
r = 2, 1,0 and produce a Cech cochain N£(h) = a G C 2 ({U^}, £j such that its restriction 

to M is a cocycle. To construct such a cochain we apply Proposition 2.5 to h on and 
consider forms hf 1 ' 1 ^ = P M (h) on such that dMhf 1 ' 1 ^ = h. Then we construct sections 
h\j = P M (X' 01 ^ ~~ hj 3 ' 1 J 011 ^if such that c\/ihij = hi — hj and satisfying estimates 

\h lj \ k <C(k)(l + \p\ k+3 ) p ^\h\ k , (38) 

\hi3\ k+B < C(k) (1 + \ P \ k+3 ) p{k) [(1 + \p\ k+s+3 ) \h\ k + \h\ k+s ] 

for k + s < p — 3. 

Finally, we define a = {hij k } on U^, with hij k = P M (hij — hi k + hj k ), satisfying estimate 

\a\ u(4) <C(l + \p\ 3 ) P \h\ . 

Using uniqueness of holomorphic extension of CR functions (cf. [BT], [ AiH[ ]) we conclude 
that a is a cocycle on {U^}, and therefore, if M C Q, the restriction of a to Mo is a cocycle 
as well. 

Furthermore, since h = b\jig with g G C(o 1) (m, £| m ) > we apply the north-east diagram 
search to g and construct a holomorphic cochain G C 1 (^{U^}, Cj such that a is a coboundary 

of /?. Namely, consecutively using Proposition |2.5| we consider forms hf 1 ' 1 ^ = P M (h) such that 
<9M^i°' 1 ' ) = h on U- 2 ^ and then sections fi = P M (hi — g) such that 5m fi = hi — g on U^ 3 \ Then 
by construction we will have 5m (fi ~ fj) = ^ ~ an d thus the holomorphic cochain 

{Pij = P M (h,^ - fi + fj)} on {U^'} will satisfy g((3\ M ) = a\ M . Again using uniqueness of 
holomorphic extension for CR functions we obtain g((3) = a on Q. 

Considering then 2-cochain a| M on {u\ PiMq} and applying Lemma [3^2], we obtain the 1- 



M 

cochain Q 2 («| Mo ) on {l/f nMo} satisfying estimate (34) and such that g (2 2 ( q Im )) = a lM ' 
Another application of P Mo produces the holomorphic 1-cochain 7 = P Mq (Q 2 ( q | Mo )) 011 
{U^} such that g(j) \ Mq = a| Mo and 

H W (6) <C(l + \p\ 3 ) P \h\ . (39) 
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Using uniqueness of holomorphic extension for CR functions we conclude that 

0(7) = « 

on {U^}. 

To construct operator we apply the south-west diagram search to cochain 7. Namely, 
we consider the 0-cochain of differential forms 



B&W = 9? ' 1} = hf' 1] - d MX (h^ - on U t 

Obviously condition (^m^- ' 1 ^ = h is satisfied. Also, by construction this cochain satisfies 
g{gi} = and, therefore, defines a differential form on the whole M. Estimates (36) follow 
from the construction of Rj^ and estimates (38) and (39). EH 

Proof of Theorem 

To prove Theorem || we consider an arbitrary differential form h G C^^ s ^M, £| M ) , and ap- 



(0,0) 



(6) 



ik+s+2 



plying Proposition [O] to the differential form 9m /i G C^ 2 ^ 
form R m (<9m/i), satisfying 

d M (h--Rl l (dMh)) =0 

and 



(m,jC\ 



M 



construct a differential 



Ki(dMh) < C(k) (1 + \p\ k+5 ) P(k) \h\ k+3 , 
fe+i 



(40) 



R m (^m/i) 



<C(k)(l + \p\ k+5 ) p ^ [(l + \p\ 

fc+s+5) l^-lfc+3 + \ h\k+i 



fc+s+l 



+3J 



From the assumption dim-ff 1 ^Mo,£| Mo ^ = we obtain applicability of Proposition 3.3 to 



the differential form /i — R^j (9m /i) £ Cfoi^ +1 (M, £| M ). Applying Proposition 3^ we construct 



'(0,1) 



R M (h - R 2 M (dMh)) G Cgj (m,C\ 



M 



satisfying 



R M (^-R m (9m^ 



<C(k)(l + \p\ k+B fW\h\ k+3 , 



(41) 



< (/» - ^(M) L < (1 + |p| fc+5 ) p(fc) [(1 + IpU +s+5 ) l%+3 + l%+ 



s+3j 



and obtain 



or 



with operators 



and 



satisfying estimates (3). 



h - R m (<9m/i) = B M Rm - Rm(<9m^ 
h = 9mPm(^) + Qm(<9m/i), 
PmW = R m (^-R-m(9m^ 
Qm(/i) = RmW 



□ 
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4. Deformations of CR structures. 



In this section we describe straightforward generalizations of some constructions from Ku| 
and |Ki| to the case of higher codimension. 



Let £ : M — > M be a compact C p -smooth CR submanifold of the form (1) in a complex 
n-dimensional manifold G. For k < p a C fc -subbundle E" G CT(M) is called an almost 
CR structure on M of finite distance to the fixed structure T"(M) if it satisfies the following 
conditions: 

(i) E' n E" = {0}, where E' = E" , 

(ii) n"\ E » : E" -> T"(M) is a C k isomorphism, 

where tt" is the orthogonal projection of CT(M) onto T"(M) along T'(M) © N. 

As follows from the definition of an almost CR structure of finite distance to the fixed CR 
structure it may be defined in terms of a differential form of type (0, 1) on M with values in 
the bundle T"(M) © N. But for the purposes of comparison of the deformed CR structure on 



M with the complex structure of the ambient manifold G, M. Kuranishi in [Ku] defines it in 
terms of a differential form of type (0, 1) on M with values in T'(G)| M . 

Following ]Ku| we consider the restriction to X"(M) © N of orthogonal projection tt' : 
CT(G) -> T'(G) along T"(G). Since T"(G) n (T'(M) © N) = {0} this restriction is an 
isomorphism. Therefore an isomorphism 

r : T'(G) -» T'(M) © N 

is well defined as the inverse to 7t'|t'(m)©n- The following proposition gives a description of 
almost CR structures of finite distance to the fixed induced CR structure in terms of differential 
forms. 



Proposition 4.1. If a C k -subbundle E" is an almost CR structure of finite distance to T"(M), 
then there exists a unique differential form n G ^ ^M, T'(G)| m J such that 

E" = {Z-TOfi(Z) : Zg T"(M)}. (42) 

Conversely, if pi € C ( fc 01) (m,T'(G)| m ) and at each point z G M the mapping (tt" o (r o //)) o 
(7r" o (r o ju)) : T"(M) — ► T"(M) does no£ /iai>e an eigenvalue 1, then equality (42) defines an 
almost CR structure of finite distance to T"(M). 

We will denote by T''(M) an almost CR structure defined on M by the form [i and equality 

An almost CR structure E" is a CR structure if it is integrable, i.e. if for any two sections 
L\(z), L2(z) of E" the vector field [L±, L?\(z) is also a section of E". In order to define integra- 
bility of T^'(M) in terms of n we need some additional constructions. 

Let U G G be a neighborhood of the point z G M. A set . . . , i? n G Cf (W) of differential 
forms of degree 1 with C fc -coefficients is called a defining set for the almost CR structure E" 
in W if for any ( G M n U 

(i) <?i(JT)(C) = for i = 1, . . . ,n and X G 

(ii) {^i(C)}i form a basis in the space of linear forms, satisfying (i). 

We have the following description of formal integrability of the almost CR structure E" in terms 
of its defining set. 

Proposition 4.2. An almost CR structure E" of finite distance to T"(M), is integrable if and 
only if for any z G M there exist a neighborhood li 3 z in G and a defining set $i,...,'& n G 
Ci(U) for this almost CR structure in U such that 

d$i = mod i? n ) on MnU for (a = l,...,n). (43) 
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We consider special denning sets for an almost CR structure T''(M). 
Proposition 4.3. Let {z±, . . . , z n } be a system of local analytic coordinates for G in a neigh- 



borhood hi G G such that WnM/l and let the form p, from Proposition \4-J[ be represented in 
U as 

id_ 

dzi 



t— \ azi 



where p % = Y^j=i l^jdzj are scalar C k -differential forms of type (0, 1). 
Then the set of differential forms 

# i = dz i + p i (i = l,...,n) (44) 

is a defining set for T^'(M) inlA. 



Before applying Proposition 4.2 to the denning set (44) we will define special local generators 
in T'(M) and T"(M) and describe r in terms of these generators. 

Let us fix z G M and neighborhoods: U 3 z in G with local analytic coordinates {z%, . . . , z n } 
and U = WflM. We consider differential forms on hi 



dpi = JT dz ^ d Pi = E ~J^ dzi for 1 = 1 ' ' ' ' ' m > 



dpi ^ A dpi 

i=i 1 i=i 1 

and vector fields on U: 

n a n a 

p l = E*% e T '(G)\u , If = P{ = e ^'(G)^ (45) 

such that they satisfy conditions 

{1 for I = s, 
for Z ^ s, (46) 
(ii) P/ 1 T'(M), P/' _L T"(M) for Z = 1, . . . , m. 
Complex tangent vector fields on U 

d m dp d m dp 

span T'(M) and T"(M) respectively, and satisfy the following conditions 

n n 

Y / pjZi = Y,PiZi = V for Z = l,...,m. 

i=l i=i 

To describe the isomorphism r : T"(G) — > T'(M) © N we notice at first that it follows from 
(46) that 

dp k (P/ - Pl') =0 for k,l = l,...,m, 

and, therefore, P/ - P/' G N C CT(M). 

Using then that r (P/) is uniquely defined by the conditions 

r(P/)-P/GT"(G), 
t(P/)gCT(M), 

we conclude that 

r (P/) = P/ - P/'. 
For vector fields Zj G T'(M) we have 

r (Zj) = Zj 
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and, therefore, 



T 



&j . Y'+S^'j (47) 

For a differentiable function ZionWwe can express its differential in terms of Z l , dz{ and dp; 

as 

^ = E 1% + E = E 1^ + E f?^ + E (*) (^) 



Restricting (48) onto M we obtain for a differentiable function h = h 



where ^ (d/dzi) = <9m is the Cauchy-Riemann operator on M. 

The following proposition formulates integrability of an almost CR structure T^'(M) in terms 

of fj,. 



Proposition 4.4. ([Ku|, cf. also flKfl ). almost CR structure T''(M) is integrable if and 
only if 

Hp) = 0, (50) 
where $(p) is a T'(G) - valued (0,2) differential form on M ; locally defined as : = 

)£ 



771 



-EmJ-EIM-E^Ma^) 

and 

M ■ E^V- 

Proof. We fix a neighborhood U in G with coordinates Zj (i = l,...,n) and denote 
U = U n M. Then differential form /i on U may be represented as jl = p)^ ® 
Without loss of generality we may assume that the coefficients of this form satisfy the condition 

E P^Pk = ® for z £ U, any i, and k = 1, . . . , m. (51) 

i 

Really, if the differential form jl 1 doesn't satisfy (51) we can modify fl 1 by setting it equal to 

^' = ^-e(e/4^ b pi- 

Then the form jl 1 ' 1 will coincide with p? on U and satisfy (51) because of (46). 

To prove Proposition iA it suffices, according to propositions O and |4.3| , to prove that 
condition (50) is necessary and sufficient for the defining set (44) to satisfy: 

d$i = mod (-!?!,...,#„), (i = 1, . . . ,n), 

or, equivalently, 

dfi 1 = mod (■!?!,...,??„), (i = l,...,n). 
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Using equalities 



1=1 



u 



1=1 



for j = 1, 



V 



condition (51), and applying (49) to /i*- and pj, we obtain: 



dp} = dp) A Z* + faZi 



,n, 



(52) 



i=i 



Using then in (52) equalities 

dz k = -p k mod (i?i,...,i? n ) and dpi = -p(pi) mod 

we obtain that locally condition (50) is necessary and sufficient for integrability of T^'(M). 

To prove that <3?(/i) is a differential form on M we notice first that dp} is a differential form 
on M independent of the choice of p\ and pi. Secondly, the forms dz k , dpi change by the same 
rules as respectively p k , p{pi) under the change of local coordinates. EH 

Remark. Following [ [Kufl (cf. also jKl) we can define operator d M which represents the 3m 
operator in an almost CR structure, defined on M by the form p using formulas 

STf 



^— ' oz- 



and 



dpi 



= E A E ^t b mpI 



i=i 



As it is pointed out in |Ku| a straightforward calculation leads to equality 

^o^/ = -E^w 



showing exactness of the d M - complex for p satisfying integrability condition (50). 



5. Properties of embeddings. 

In this section we describe properties of an embedding T : M — > G of a compact manifold 
M close to a fixed embedding £ with Mo = £ (M) being a C p -smooth, generic, regular 3- 
pseudoconcave CR manifold. We describe this embedding in terms of a map F = T o £~ 1 ; 
M — > G close to identity and summarize the estimates needed in the proof of Theorem [p. 

Without loss of generality we may assume that in every neighborhood U of a finite covering 
of G the map F is a restriction of a map F :U — > V defined by the functions 

Fi(z) = Zi + fi(z), i = l,...,n, (53) 

with 

l/lit = sup 

z£U,\J\<k 



d J f(z) 



< e, 
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where J = (ji, ■ ■ ■ ,j2n) is a multiindex, |J| = j\ + • • • + J2n, and d J = d^ 1 ■ ■ ■ with 
coordinates {xj}^ n such that Zj = Xj + \/—lx n+ j. 

For e small enough according to the inverse function theorem there exists an inverse map 
G : U* — > U defined on a possibly smaller neighborhood U* by the functions 

Gi(z) = Zi + 9i(z), i = l,...,n, (54) 

such that gi E C p (U*) and 

FoG(z)=z. (55) 
The proposition below, which is a copy of Proposition 4.6 from JP4j, provides necessary 
estimates for functions gi. We use the following notations. We denote by B(r) the ball in C n 
of radius r centered at the origin and for a function / : B (r) — ► C and k < p we denote 

\f\ rjk = sup d J /(z) 

zeB(r),|J|<fc 

For a vector function / : B(r) — > C n we denote 

\f\r,k ~ SU P l/<lr,fc- 

Ki<n 



Proposition 5.1. ( [P4|, c/.[ W2| ,) £ei -Fi(^) = Zi + f%{z) for i = 1, n, and let the functions 
{/ill G C P (B(1)) safe/y estimate |/i| M < e. 

T/ien /or smaZZ enough e and fixed s,k £ Z, suc/i i/tai < s < /c, /c + s < p i/iere exisi a 
constant C(k) and a set of functions 

to}?€OP(B(l-2e)) 

suc/i tfiat = z + 0(2) G B(l) /or 2e), 

FoG(z) = z 

is satisfied on 1(1 - 2e), and 

\9i\ x ^ e , h <C{k)-{l + |/| 1| ») P( * ) |/| 1 ,a, (56) 

|ftli- 2e ,fc+-^ C, (*)-( 1 + l/li,*) P( * ) l/ll.*+- 

with polynomial P(k). 

□ 



Let now map F be as in (53). Then according to Proposition 5T the part of the image of 
the manifold M = {z : pi(z) = 0, 1 = 1, . . . , m} under F that lies in U* is the manifold 

M* = F (M) ={z:pi (G(z)) = 0, 1 = 1, . . . , m} , 
defined by the functions p\ (z) = p\ [z + g(z)). In two lemmas below we prove necessary esti- 
mates for vector fields {P/}™ and {P/'*j satisfying conditions (46) on M and M* respectively. 

Lemma 5.2. Let functions {pi}™ G C p (B(l)) have the form 

Pi{z) = yi + n(z) for 1 = 1,..., m (57) 

in coordinates z\,...,z n with 

dri/dzj(0) = dri/dz~j(0) = for I = 1, . . . , m and j = 1, . . . , n. 

Then for a small enough neighborhood U 3 there exist vector fields {P/}? 1 satisfying (46) 
and estimates 

\pi\ k <C(k)(l + \p\ k+1 ) p ( k \ (58) 
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\P'\ k+s <C(k)(l + \p\ k+1 ) p W(l + \p\ k+s+1 ) 
for s,k G Z, s < k, s + k < p — 1 wrai/i some polynomial P(k). 



Proof. If M is defined in IA by the functions pi, I = 1, . . . , m as in (57) then for a small 
enough neighborhood ZY, denoting by T the transposition operator, we will have the following 
representation 



'dp' 




'dp' 


.dz_ 




_dz_ 



[I + A] 



(59) 
(60) 



with the matrix A admitting estimates 

\A\ Q < 5 < 1, 

\A\ k <C(k)(l + \p\ k+1 ) p M, 

\A\ k+s <C(k)(l + \p\ k+1 f^(l + \ P \k + s + i). 
Assuming then that the metric in U is the standard Hermitian metric in coordinates z, and 
choosing 

'dp 



[P'} 



Oz 



[I + A]-\ 



we obtain the vector fields, satisfying (46) and estimates (58). 



(61) 
□ 



Lemma 5.3. Let the functions {pi}™ G C P (B(1)) be chosen as in (57) and let the functions 
{gj}i €. C p (B(l)) be such that \g\ k < e < 1 for some fixed k such that 2 < k < p - 2. 
Then for small enough e and a neighborhood IA 3 there exist vector fields 

1=1 ' 

satisfying (46) for {pi}™ and such that for s,k G Z, s < k, s + k < p — 2 

- P!\ k < C(k) (1 + \p\ k+1 f {k) \g\ k , (62) 

- P!\ k+S < C(k) (1 + \p\ k+1 ) PW [(1 + |Hfe +s +i) Mfe + \g\k+s] , 
where P(k) is a polynomial in k. 

Proof. Application of the chain rule to functions {p^ }™ gives an estimate for I = l,...,m: 

\Pl ~ Pl\k = \pi{z + g{z)) - pi{z)\ k 



£(Vpi (z + tg(z)),g(z))dt ^ < C(k) (1 + |Hfe+i) P(fe) \g\k 



with a polynomial P{k) and a constant C{k) depending only on k 
Analogously, for k + s < p — 2 and s < k we have 

Vpi (z + tg(z)),g(z))dt 



\Pl ~ Pl\k+s = 

< E 

Z+miH |-"V=fc+s+l 



(63) 



(64) 



D l p{z + g(z))\ \D mi g\---\D mr g\ 



< ]T \D l p(z + g( Z ))\\D m ^g\...\D^g\+ £ |l>V(z + g(z))\ \D m ^g\ • • • \D^g\ 

rrii<k, i=l,...,r 3j, rrij>k 

< C(k) Ul + |p| fe+s+ i) \g\ k + (1 + \p\k+i) P(k) \g\k+ 
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Rewriting equation (61) for P'>* we obtain 



[P'< : 



dp* 



dz 



1 + 



dp* 
~dz~ 



dp* 



8z 



-I 



-i 



Using estimates (63) and (64) we obtain a representation 



'dp*- 






_ dz _ 







with matrix B satisfying 

\B\ k < C{k) (1 + \p\ k+ i) P{k) \g\ k , 

\B\ k+s < C(k) [(1 + |p| fc+8+ i) \g\ k + (1 + \p\k+i) P{k) \g\k+s 
Using this representation in the formula for [P''*] and estimates (65) we obtain 



[P r 



dp 



+ B 



■ [i + A + cy 



dp 

dz 



■ [I + A}' 1 ■ [I + A] ■ [I + A + C}- 1 + B T -[I + A + C]- 1 
'dp' 



dz 



■ [I + A]' 1 ■ [I + D} + B T ■ [I + D] 
dp' 



dz 



■ [I + A]~ ■ D + B T ■ [I + D] , 



with the matrix A from (59) and matrices 



C = B- 



dp 



dz 



+ 



dp 



dz 



B T + B-B T , and D = [I + A + C] 



-i 



satisfying estimates 

\C\ k , \D\ k < C(k) (1 + \p\ k+1 ) P{k) \g\ k , 

\c\ k+a , \D\ k+s < c{k) (i + |pU+i) p(fe) [(i + |pU+.+i) \g\ k + \g\ k+s ] ■ 

Using these estimates in (66) we obtain estimates (62). 



(65) 



(66) 



(67) 
□ 



In the proposition below we describe the transformation of a form p £ C (M,T'(G)| M 
under a diffeomorphism F : M —> G close to identity. We prove necessary estimates for the new 
form p*, which measures "deviation" of the original deformed CR structure from the inherited 
CR structure on F(M). 



Proposition 5.4. Let s,k,p G Z be such that 2 < s < k and k + s < p and let manifold 
M C 1(1) of the class C p be defined by functions 

{Pl{z) = Vn-m+l + r n - m +l{z)}T 

such that \n\i < 5 <^ 1. Let be an almost CR structure on M defined by the differential 
form p G C p (B(l)) such that \p\ k < e <C S and let the functions {fi}i G C p (B(l)) be such that 
\f\ k+1 < e < S. 

Then for small enough 5 and e there exists a constant C(k) such that for a map 

Fi(z) = Zi + fi(z), i = l,...,n, 
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and form n* on M* = F (M) such that 

df [r;(M)] =r;.(M*), 

the following estimates hold 

W\ k < C(k) (1 + \p\ k+2 + |/| fc+1 + \v\ k ) P{k) (| W - A*| fc + |/| fc+ i • |/i| fc ) , (68) 

< C(fc) (l + \ P \ k+2 + |/| fc+1 + \p\ k ) P(k) {\d M f - p\ k+s + |/| fc+8+1 • \n\ k + |/| fc+1 • M fc+S 

+ (i + \p\k+ s +2 + l/lfc+ s +i + 1/4+*) (l W - H* + l/lfc+i • 1/4)} > 

where P(k) is a polynomial in k. 
Proof. Considering DF (Xj) for 



Xi = ~ Zl - r o rtzo = ^ + E ^tf' " E ^ e r;(M), 



(69) 



we obtain 



DF [Xi] = DF 



E^>^+E4^'W>^-E4f £ 



S 3,s,l 3 



3,8 



as,- 



/=i fc=i 



(70) 



= z l{z ) + ft + e ( ^ (/.) - m! + E (/•) - E ^ ) £-> 



3,1 J 



with Pi satisfying estimates 

lAU < c(k) (l + |pU+i + |/U+i) p(fc) • (1/4 + l/U+i) . (7i) 
< c(fc) (l + |p| fc+ i + |/| fe+ i) p(fe) • [(i + |p| fc+8+ i) • (1/4 + l/k+i) + I/4+. + • 

Tangent T" (M*) - vector fields are denned as 



^(^))=|-Ef(^))-(i:m))|-) 

£ - E t« ■ (?*<) + X O - If ™>) • (?*<) 



(72) 
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with 



E§f in*)) ■ (e &*(*)- J- N 



5Zo 



Applying Proposition 5J- and Lemmas |5.2| and |5.3| , we obtain estimates for V{ 

Wk < C(k) (1 + \p\ k+2 + \f\ k+ if ik) ■ l/lfc+i, (73) 

Nfe+. < C(k) (1 + |p| fe+2 + |/| fe+ i) P(fc) [(1 + \p\ k +s+2) ■ l/U+i + •|/|fc+.+i] • 

From the choice of functions {p/ji 1 and estimates (73) we conclude that vectors {Zi}™ m 

represent a basis in T"(M) and for e small enough vectors {Z*} 7 ? m represent a basis in T" (M*). 
Combining (70) and (72) we obtain that for e small enough 



T" (M*) = DF 



r;(M)] =Span|z; + ^A|J- 



(74) 



= + E + E (a (« - a + E ^ (/.) - E *?f|) £};"*. 

with Aj satisfying estimates 

|A 4 | fc < C(fe) (1 + M fc +2 + |/U+i) P(fc) • (H* + l/U+i) , (75) 

|A4 +S < c(k) (i + | P | fc+2 + |/| fe+ i) p(fe) • [(i + |pU +s+2 ) • (1/4 + l/lfc+i) + + \f\k+ s +i] ■ 

Using formulas 



z, 

Pi 



n—m 
*,// 



r r dpi i i=l,...,m 
1 \dzilj=l,...,n 



and 












o • 







Pllk ■ 


9 


o • 





si 'a .. 






l J m dz„ 
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Pm 





1 





Pi 



v n 



a 

dzi 



a 



and Lemmas 5.2 and 5.3 we obtain formula 



d_ 



a_ 

t)z n 



[I + A] 



Z* 



with a matrix A satisfying estimates 





" I + B C ' 




■ z * ■ 




/ 




p*," 



\A\ Q < C6, 
\A\ k <C(k)(l + \p\ k+1 ) p ^, 

\A\ k+s < C(k) (1 + \p\ k+l ) P{k) (1 + \ P \ k+s+ x) . 
Using formula (76) and estimates (75) and (77), we obtain equality 

p*,ll 

with matrices B,C satisfying 

\B\ k , \C\ k < C{k) (1 + \p\ k+2 + |/| fc+1 ) P(fc) • ClA*U + \f\k+l) 

< c(k) (i + | P | fe+2 + |/| fc+ i) p(fc) • [(i + \p\k +s+ 2) ■ (1/4 + l/U+i) + ImUh 

Comparing the last equality with 





' I 


D ' 




\ 2 * 1 







I 




p*,n 



we obtain 



p*,fl 



p*," 



[I + B]- 1 -[I + B]- X C + D 
/ 



l/U- 



p*,ll 



Using then formula (69) for X*: 



sJ 



dz. 



and equality (79) we obtain formula 

[mH = -[/ + 



^(/,)-mI+E^^/'(A)-E 



* ft* 



Using in the last formula estimates (78) we obtain estimates (68). 
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6. Proof of Theorem |]. 

Let now £q(M.) = Mo C G be a fixed compact, regular 3-pseudoconcave CR submanifold such 
that dimH 1 ^Mo,T"(G)| M( J = 0. In order to prove Theorem |I| we have to construct for any 

sufficiently small deformation T^(Mo), defined by a differential form \i G C^ Q ^ (m.o,T'(G)\ m ^J 
an appropriate embedding £ : M — > G such that T''(Mo) = £* (T"(G)). We construct map £ 
in a form £ = J 7 o £ with T being a limit of a sequence of maps {J-^ : Mo — ► G}o°, close to 
identity. 

We consider parameterization of the set of C'-diffeomorphisms Diff' (Mo, G) close to identity 
given by the exponential map Q: 

exp : C[ m (M ,T'(G)| Mo ) - Diff' (M , G) . 

If is a finite covering of the neighborhood of submanifold Mo C G by coordinate 

neighborhoods with coordinates {z{, . . . , z^}, then for a vector field £ G C' ^ (Mo, T'(G)| M( J 
with small enough and a local representation £ = (£i, . . . , £ n ) in G {Z^j}^ we have 

[expt(z)]i = z i + Zi(z) + A i (z,Z(z)), (80) 

with 

|A| fe+2 < C|£| 2 fe+2 , 

|-4|fc+s+2 < C|£|fc +s+2 |£|A:+2, 

for < s < — 4 and some C > 0. 



(81) 



To construct sequence {J 7 ^}^ we: 
(1) fix a family of smoothing operators |\\ J| . [\J for < t < oo 

S t :C l m (G.T'fG))-^, (G,T'(G)) 

such that for < q < r < p 



\Stf\ r < ct«- r \f\ q , 



\(i-s t )f\<cr~i\f\ 



(82) 



with some C > 0, 
(2) consider a sequence of numbers 



(3) consider the following sequence of maps {.F^)}^ 



(i) i?C?) = exp feb')' 

(ii) £(i) = S t .oP(i)( M (i)), 

(iii) = (>))* g Cf 0)1) (M, +1 ,T'(G) 

where Mj+i = (Mj), = Pj^ j from Theorem || and the construction of f/i^J 

for given /t^') and i 7 ^** is described in Proposition 5.4 . 
Then we define sequence MS 

■p(j) = F<i) o F^'- 1 ) o • • • o 
and obtain Theorem [l] as a corollary of the following 
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Proposition 6.1. Let k,p £ Z be such that 17 < k, 2k < p — 5 and let Mo C G be a regular 
3-pseudoconcave submanifold of the class C p . Then there exist to,e > such that for //°) £ 



C[o l) ^Mo,T'(G)| M( J ; satisfying integrability condition and such that 5o(2k) := 



2k 



< e 



the following conditions are satisfied for 9j 

(a) Eo°°%<oo, 

(b) linLj'-Kxj Sj 



fc+2 and 5 3 



00 1 



Sj = o. 

Proof. We obtain the statement of Proposition [O] as a corollary of the following estimates 

l + \p U) \k+2 <C, 

tj% < 1/2, 



(83) 



.s-12 



,Cj) 



k+s+2 + djis) < 1/4, 



where 13 < s < k - 4, 5j(s) = \p {j) \ k+s , P {j) = p {j ~ l) ° G {j) and <?&') = (V^) \ 

Statement (a) of Proposition 6J- follows from the first two estimates in (83) by the following 
sequence of inequalities: 



t 



j v 3 



tf\s tj o P ^^))\ k+2 <ctf\p^\^X-, 

/ \ P(k) 

< CtJ% (l + \p {j) \k+2) < ctj% < c, 



(84) 



where we used also estimates (82) and the first estimate in (3). 
Statement (b) obviously follows from the second estimate in (83). 

The choice of to w ih be defined in the lemma below. The choice of e = guarantees the 
(83) for the initial step of induction. 

We prove estimates (83) by induction, assuming that (83) holds for some fixed j and prove 
it for j + 1. In the proof of the step of induction we will need the following lemma. 



Lemma 6.2. In the notation of Proposition 6A and assuming that estimates (83) hold for j 
the following estimates hold for j + 1 



(i) 5 j+1 <C[l + \p 



k+2) \ 



(ii) \pV+% +s+2 <C[l + \p 



00 



fc+2 
P(fc) 



P(fc) 



(l + lp^lk+s^Sj + Sjis)]}, 



p^\k+ s +2 + tj 



s— 5 i 



,00 



fc+s+2 



}■ 



(iii) 5 j+1 (s) <c(l + |pG>U +2 ) {Sj(s) + t~ s -% + tj% 

Proof. Transforming representation (2) into 
p J = d M oS t o P(p) + 8 M o (/ - St) o P(/x) +S t oQo a M (^) + (I - 5t) o Q o a M (/i) (85) 
and using estimates 







M 



(/ - s tj ) o p^(^)| fc < | (j - s tJ ) o pca^tf)) 



fc+i j 



s-4 



pOO^OO) 



fc+s-3 



< 



vP(fc) 



Ctf 4 (l + |p^| fe+2 j 



l + |p (i) |fc+ S +2 
4 



00 



+ 



00 



fc+s 



fc — J 



< 



CtJ*(l + \p®\ k+1J 



\P(k) 



Q {j) odM(p^) 

d M (p ij) 



fc-4 



and 



(i-s tj ) oQ®o8m(h 



<ct. 

k J 



s-4 



fc-1 ' 



fc+s-4 
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<Ctf 4 (l + \p^\ k+1 
we obtain 



P(k) 



1 + |/ 



\k+s+l 



k-1 



fc+s-1 



(86) 



<c(l + |p&'>| 



fc+2 



P(fc) 



§M(/X (i) ) 



+*r 4 
fc-i j 



(1+1^)1^+2)^+^(5) 



To estimate the first term in the right hand side of (86) we use integrability condition (50) 
and obtain 



< 



fc-i 



fe-1 



+ 



p(fc) 



7 7 



/3 Z=l 

<c(i + \ P w\ k+2 

Using this estimate in (86) we obtain 



fc-i. 



00 



ft 



(i) 



(87) 



< c (1 + |p(^| fc+2 ) P(fe) {tj*aj + tf 4 [(1 + |p ( %+ s + 2 ) 5, + «,(*)] } • 

Applying then Proposition 5.4 with f^\z) = ^\z) + A (z,^\z)J from (80) and estimates 
(81), we obtain 



Oj+l 



O'+i) 



< c (1 + | P W| fc+2 + 5, + |/%+i) PW - 
< c (1 + | P W| fc+2 + ^ + (le^u+i + 



+ 



(?) 



fc + ic (J) if. + i + i^ ) | fc (ie (J) u- + i + ie (i) if. + i; 

< C (l + |p(^| fc+2 ) P(fc) {tj*a? + if 4 [(l + |/^V s+2 ) 6j + } , 
where in the last inequality we used estimate (87), estimate 



£0) 



fc+1 



S t . o PW(M W )L, < C (l + |^' ) | fc+2 ) P(fc) 



fc+1 



and estimates (83) for j. 

For part (ii) of the lemma, using estimates (56), (84) and (88) we obtain 



\P U+1] \ 



k+s+2 



k+s+2 



< c 



\p^\k +s+2 (1 + \g {j) \k + 2) P(k) + (1 + \p {j) \ k +2y w \g U) \k+s+2 



P(fc) 



< 



c(i + \ P ®\ 



PW [|^U+ s+2 (l + |/ {j) |fc+ 2 ) P(fc) + \f ( %+s+2 

:c(i + \ p (% +2 ) P{h) [| p W| fc+s+2 + |^)| 
< c(i + |p^| fc + 2 ) P(fc) [| P ^| fc + s + 2 + t7 s - 5 <5 : 



fc+s+2 



where in the last inequality we used estimate 



fc+s+2 



S,oP«( M W) 



fc+s+2 ■> 



s-5 



p(i)( M (i)) 



fc-3 



(89) 
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<c(i + \ P ^\ k+2 ) nk) t- s -H 3 



To prove part (iii) of the lemma we use second estimate in (68) from Proposition 5.4 , estimates 
(81) and inductive assumptions (83), and obtain 

,0+i) 



S j+ i(s) 



< 



c(i + \ P w\ 



k+2 



P(k) 



P 



(?) 



k+s 



+ 



k+s 



+ 



k+s 



(90) 



k+s+l 



(?) 



+ 1 + 



,Cj) 



fc+s+2 



f U) \ k+s+1 + l/^V.) (| a M/ (j) - M (j) | fc + 



fc+1 



fc+1 



k+s 



(?) 



< C (l + \p U) \ k +2) {S 3 (s) + tj s ~\ + tj s ~ 4 5] + t'% ■ 6,(3) 

+ tj s -% + sfr)) (tj% + s s + tjHf) }, 



+ i + 



k+s+2 



< C (l + \p^\k+2) P(k) {Sj(s) + tjS'% + tj^ }. 



For the (j + l)-th induction step in the first estimate in (83) we have 



□ 



\P (J+1) (z)\ k +2 = \p (j) (z + g(z))\ k+2 < \p^\ k+2 (l + \g^\ k+2 
Combining this estimate with (84) we obtain 



P(k) 



< |p (i) U+2(i + C0j) 



p(k) 



(i+iP (i+1) u +2 ) < (i + ip(°)u +2 )na+^) p(fc) <c. 

i 

For the second (j + l)-th estimate in (83) we use estimates (83) for j and estimate (?) from 



lemma 6.2 and obtain 



t j+1 Sj+i - tj 7 5 j+ i 



< 



Ctf (l + \p^\ k+2 ) m {tj 4 5] + if 4 [(l + \p^\ k+s+2 ) 6 j + 5,(8)] } 



< 



C tj { 



+ -12r2 | ,s-12 



+ \p (j) \k+s+2)S J +5 J (s)]} 



< Ctj (tj 6 Sj) 2 + Ct 3 t)- X2 [(l + \p U) \ k +s+2) 5j + 5j(s)] < 1/4 + 1/4 = 1/2, 
where we used conditions tj < to < C . 



For the third (j + l)-th estimate in (83) we obtain using estimate (ii) from lemma 6.2, second 
estimate from (83) and estimate (90) 

p(fc) 



l j+l 



\P 



(j- 



\k+s+ 



2 + S j+1 (s)} <c(l + \pW\ k+2 



xtf (s - 12) 



\p®\k+.+2 + tj s - 5 6j + 8j(s) + t~ s ~% + tj% 



k+s+2 



< ct] (s - 12) t^ 



\k+s+2 



+ Ct 



¥ s - 12) t-°-% 



<\ct]^ + c^tj% 

with expression on the right that can be made arbitrarily small if s > 13. 



□ 
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